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PREFACE 



Mathematics is such a vast aod rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject vhich, 
though vitMn the grasp of secondary school students, do not find a place in the 
curriculum simply because of a lacK of tiiae. 

Mainy classes and individual studentb, however, may find time to pursue 
mathematical topics of special interest to them. This series of pamphlets, 
vhose production is sponsored by the School Mathematics Study Groui^ is designed 
to make material for such study i ^ adily accessible in classroom quantity. 

Some of the pamphlets deal vith material found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view. 
Others deal vith topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrooms in at least tvo 
v^s. Some of the pamphlets produced could be used to extend the vork done by 
a class with a regular textboolc but others could be used profitably vhen teachers 
vant to experiment with a treatment of a topic different frM the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group: 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Lcniisiana 

Mr. Ronald J. Clark, Quiiroan, St. Paul's School, (Uncord, New Hampshire O330I 
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FOREWORD 



This pan^Jhlet is essentially a rqprint of selected portions from the 
texts titled "First Course in Algehra" and "Intermediate Algebra" published 
by the School Mathematics Study Group. 

The concept of absolute value Is one of the most useful ideas of 
i»theinatics. We shall find an application of absolute value when we define 
addition and multiplication of real numbers. It is used to define the dis- 
tance between points, and to express the correct result to the siniplified 
form of a radical. Absolute value is used in open sentences in one and two 
variables. It gives us interesting functions and relations to graph. In 
later mathematics courses, such as the calculus and linear programming, the 
idea of absolute value is indispensable. 
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ABSOLUTE VALUE 
Chapter 1 

mmoDUCTioN 

1-1, Definition of Absolute Value 

You are familiar vlth binary operations (addition, for example) in the 
0et of real numbers • There are, also, unary operations vhich are operations 
performed on a single number. For example, the "opposite" (or negative) of 
*2 is 2, of n is -n. Another example of a unary operation is "to take 
the reciprocal of a non-zero number". For any real number n, n ^ 0, 

^ is the reciprocal of n. Thus, the reciprocal of 2 is i, of is 3, 

and of -n is ~p This pamphlet is concerned with another operation on a 

single real number, an operation which has many uses in mathematics. We shall 
find that it describes conveniently certain mathematical situations and that 
its use simplifies certain other operations. When ve find a pattern occurring 
over and over again it is desirable to name it and to describe it carefully. 
We shall define this operation, called absolute value, and then subsequently 
restate the definition in three different forms* These restatements could be 
considered to be theorems as they can be shovn to be equivalent to the original 
definition. In a given situation one statement can be applied better or more 
directly than another. We define absolute value as follows: 

DEFINITION ; The absolute value of a non-zero number is the greater 
of that number and its opposite. The absolute value of zero is 0, 

Thus, the absolute value of k is If, since k is greater than its 

opposite, -4. "^he absolute value of - is -g* (Which is greater, -g or 

- -g?). If n is arjy real number, the absolute value of n is non-negative. 

We are careful to say '^non-negative" rather than "positive". Remember the 
absolute value of 0 is 0, and 0 is non-negative, not positive. 

As usual, ve find it convenient to agree on a syinbol to indicate the 
operation* We write 

2 2 

to mean the absolute value of n. For exninple, j^j ^5, l--^! -^t 
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- V2 and jo| « 0, Note that each of these is non-negative. In 
•yiBbolic form our definition could be written; 

|nj «: aaxlmuia (n,-n}» 

Let us gvBS^h 0, and k on the number line. 

— i — \ i t — t — t— 4 — i — I I k { L. 

-§ -5 -4 -3 -2 -I 0 f 2 3 4 9 6 

By definition the distance between any two points on the nuiaber line is a 
non*negative real number. The distance betw<^n k and 0 is k,* but also 
the distance between -4 and 0 is k. In fact, for any real number n, the 
distance between n and 0 is what we have just called the absolute value of 
n. This is true Aether n is positive, negative, or zero. 
We can restate the definition of sbsolute value. 

The distance between a real nuiiibt?r and 0 on the 
real number line is the absolute value of the number. 

Problem Set 1-la 

1. Find the absolute values of the following numbers: 

(a) -7 (d) lU X 0 

(b) -(^3) (e) -ilk ^ 0) 

(c) (6-4 + 5) (f) -(-(-3)) 

2. Which word, negative or non-negative, would correctly fill each blank? 

(a) is a number. 

(b) jij is a number c 

(c) If X is a non-negative number, then |xj is a number, 

(d) - - is a nuiaber. 

5 

(e) i* '^I is a nun&er* 

(f) If X is a negative nujs4)er, then |x| is a number. 

(g) For any real number x, [xj is a number. 

3» If X is a negative number which is greater, x or |x|? 



* Actually you cannot find the distance between numbers. You find the 
distance between points. This is an accepted abbreviation. 
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k. (») Let S • (-1,»2|1,2). Let A be the set of absolute values of 
the elesunts of Write the set A» Is A a subset of S7 
(b) Is the set {-1,-2,1,2) closed under the operation of taking 

sbsolute values of its el«aents? (A set is closed under an opera- 
tion if the nuzEber resulting frosa the operation on the element of 
the set is Itself an element of the set). 

9« Is the set of all real nuabers closed tmder the operation of taking 
sbsolute values? 



We note that for a non-negative number, the greater of the number and 
its opposite is the number itself. That is: 

For every real number x which is 0 or positive , 

|x{ - X. 

What can be said of a negative -number and its absolute value? Write 
cosiaon numerals for the following pairs. 

l-5i - 1-3. ij » 

« 1-1^671 ^ 

(What kind of numbers are -5, - ^, -3.1, -^^7?) You found that 

^ -(-5) j-3-l! - -(-3a) 

- -(-i) 1-U67I - -(-467) 

Is it now clear that we can say, "The absolute value of a negative number is 
the opposite of the negative number"? That is: 

For every negative real number x, 



A third statement of the definition of absolute value is, therefore; 



( X if X > 0 
1x1 - } 



( -X if X < 0 

The fourth statement of the definition that we might use, x will 
be eoQSidered later. 



Pfoblem Set 1-lb 

1, Which of the folloving sentences are true? 

(«) 1-7| < 3 (f) -3 < 17 

M 1-2! < |-3l (s) -2 < !.3j 

(c) \k\ < 111 (h) \M\ > 

(d) 2 ^ |-3| (i) \-2f - 1* 
Ce) 1-51 ^ |2| 

2« Write each as a cossaon numeral 

(») 12| + |3| (J) 1-21 - 1-31 

(b) i-2[ 4 i3| (k) -(|-3l - 2) 

(c) -(|2| + |3|) (1) -(i-2l + |-3l) 

(d) -(l-2j + |3|) (m) 3-13-2! 

(e) |-7| - (7 - 5) (n) -(j-7l - 6) 
if) 7 - |-3| (o) |-5l X 1-21 

(g) |-5| X2 (p) .(|-2| X5) 

(h) -(1-5! - 2) {q) -(|-5| X 1-2|) 

(i) 1-3! - |2! 

3# What is the truth set (solution set) of each open sentence?^ 

(a) Ixj - 1 (a) 5 - |x| = 2 

(b) ixj u 3 (e) 5 |xl = 2 

(c) Ixj 4 1 - If (f) 7 - 2!x| =12-5 

km Which of the folloving open sentences are true for all real numbers x? 

(a) |xi > 0 (c) -x < Ix! 

(b) X < |x| (a) -jxj < X 

(Hint; Give x a positive value; a zero valuer a negative value* Nov 
come to a decision,) 

5» Shov that if x is a negative real number, then x is the opposite of 
the absolute value of X| that is, if x < 0, then x » (Hint: 
What is the opposite of the opposite of a nusiber?) 



* The truth set (lolution set) of an open sentence is the set of nus&ers 
In the domain of the varliU>le for vhich the sentence is true* 
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Htm absolute value of a variable can occur in an open sentence such as 

}xj < 2. We notice that - |, - |, 0, 1, |, for exaagsle, are all in the truth 

■et of [xj < 2, vbile -8, A, -2.1, 2, ?, for exaaple, are not. The 

truth set of |x| < 2 consists of all the real nuabers between -2 and 2. 
The graph of the truth set of |xj < 2 on a Nuaiber Line is: 

-« -6 -4 -S -t H 0 i 2 3 4 5 I 

Ve use op«3 circles at 2 and -2 to shov that the points ^ich have 2 and 
-2 as coordinates do not belong to the graph of the truth set of jx] < 2, 

Problea Set 1-lc 

1, Graph the truth sets of the following sentences on Nutifcer Lines: 

(a) 1x1 < k (e) lx| < -2 

{b) jxi > 2 (f) |x| > 0 

(c) jx! < 3 (g) 1x1 > -1 

(d) |x|>l^ 

2, Using the absolute value synibol, write an open sentence for each of the 
following graphs; 

(a) — t 1 i » 1 I i I I 1 i t i — 

-6 -8 -4 -3 -2 -I 0 I 2 3 4 5 6 

^ ' '% .fi -4 -3 -2 «l 0 T 2 5 4 5 6 

-ft -4 -S -2 -I 0 i 2 3 4 5 6 



Let us look again at the graph of |xl < 2. 

i i i ■ Q 1 1 f 6 ' i i ^ 

-B -4 -3 -2 -I 0 f 2 3 4 5 6 

The graph indicates that the truth set consists of those nuobers which are 

coordinates of points between -2 and 2, OSius, the open sentence "|x| < 2" 

has the same truth set as the coi^und open sentence 

"x > -2 and x < 2". 

Ve say that they are equivalent open sentences since they have the same truth 
seta Of course, we can also write -2 < x < 2 to state the sshh? thing. 
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Vhat can ve sty about the open sentence for the graph belov? 

J L. 



*4 -3 -2 -I 0 I £ i 4r 

This is the graph of *^[x| > 2^*« It is the aw&e graph as that of the coispound 
open sentence 

"x < -2 or X > 2**, 

The op«x sentence 2 < x < -2, vhicb »oanm that x i» grater than 2 and 
leas than «2, is clearly an iispossibillty. It has the ejspty set, ^, as the 
truth 8et# 



Problem Set 1-ld 

1. Fill in the blank of each of the following vltb the correct vord or 
syinbol, 

(a) The graph of "|x| < 5" is the saa» as the graiii of "x > -5 

x < 5". 

(h) The graph of "|x| > 6" is the same as the graph of "x < -6 

X > 6". 

(c) The truth set of ''x > - ^ and x < |" is the same as the truth 
set of • 

2. |x| < H has the same truth set as wiiich of the following: 

(a) x<-8 or x>8 (D) x>-8 or x<8 

(b) x<.8 and x>8 (E) -B < x < 8 
( C) X > -8 and X < 8 

3. Which of the following open sentences suggests the English sentence 
"The temperature stayed within 5 degrees of zero today"? 

(a) X < 5 (D) |xi < 5 

(b) X < 5 and x > -5 (E) |x| > 5 

(c) X < 5 or X > -5 



1-2. Subtraction, Distance ^ and ia?80lute Value 

We have seen in Section 1*1 that the distance between a number and 0 on 
the real number line is the absolute value of that nunber. Let us see how we 
ca» relate "subtraction, distance, and absolute value". The distance between 
13 and 9 is the same as the distance between 9 fiwid 13, that is, a 

6 
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distance of (Resaeiaber; We are actually referring to the distance be- 
tween the points irtiose coordinate are 9 and 13). The distance between 
two musibers a and b on the number line is always non-negative. Ve 
rcmcflijer that the absolute value of a number is non-negative. 
il3 - 9{ « |9 - 13| ^ Thus, the distance between a and b may be in- 
dicated by either 

|a - b| or (b - aj 

For any real number x, the distance between k and x can be written 
either jlt'-xj or jx-l*j. The sentence '^jx - 4| « 1", therefore, can 
be interpreted as "the distance between x and k is 1". Its graph vould 
be; 

1 1 1 1 A 1 \ 

I 2 5 4 5 6 7 

The distance between k and each of the points indicated by heavy dots on the 
number line is 1, Thus, the' truth set of the sentence |x - 1;| = 1 is 
{3,5}. 

We can state this in general terms; The sentence |x - a| = b Indicates 
that the distance between x and a is b. 

b b 



X a X 

This is in agreement with our earlier discussion. If we take a =^ 0, then 
(x - 0| = |x| is the distance between x and 0. 



Problem Set 1-ga 
1. Write each of the following using absolute value symbols: 

(a) The distance between 3 and 7 

(b) The distance between 6 and -2 

(c) The distance between -8 and -5 

(d) . The distance between t and 6 

(e) The distance between y and 0 

(f) The distance between m and -^k 

2# Give the graph on the Number Line and truth set of each of the following; 

(a) |x - 5| » 3 (e) |s - 2| ^ -3 

(b) |y - 2| * 5 (f). |m 4 5| -2^0 

(c) jl^ - bj ^6 (g) |2x ^ 3i - 1 

(d) |a 4 3| - 2 (h) j3d 4 i^l . 6 
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jx - 1^1 < 1 can be interpreted as "the distance between x and is 
less than 1". Its graph voul be 



J U 
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t 2 

We can see that this is also the graph of > 3 a£d x < 5'% usually 

written 3 < x < 5- 

The graph of jx - i|| < 1 is called an "open interval". It is a line- 
segment minus its endpoints. The gr»i4i of |x - < 1, vhidi would contain 
its endpoints, is called a "closed interval". 
The graph of |x - > 1 would be: 

^ 2 5 4 B 6 7^ 

What compound open sentence (See Problem Set 1-ld, Ex, 1(b)) describes this 
graph? 

Problem Set l-2b 
1* Give the graph and the truth set of each of the following: 

(a) Ix ^ 2i < 2 (e) |c - 2| > 6 

(b) \y - h\ > 8 (f) id + 5| < 3 

(c) Ir ^ 7| < 5 (g) |x| + 3 > 0 (Be careful!) 

(d) jb + 3| > ^ (h) |x - 1|| 4 5 < 0 

2, Which of the following sentences ^s not equivalent to the other three? 

(A) ix| < 3 (C) -3 < X or X < 3 

(B) < X and x < 3 (d) -3 < x < 3 

3. Are the graphs of " ] x| > 3", " lx| 3", and "x < -3 or x > 3" the 
same or different? If different in vhat way are they different? 

k. Describe the truth sets of each of the following? 

(a) |x| = X (d) |u| - -u 

(b) -jml < 2 (e) |v| > 0 

(c) |y! < -2 

5^ Given the open sentence "jx| < 3"* Draw the graph of its truth set if 

the domain of x is the set of: 

(a) real numbers (c) non-negative real nuinbers 

(b) integers (d) negative integers 

6, Use the nujuber line to show that the set of all x, |x - a| < b may 
also be described as the set of all x such that a-b<x<a-fb* 

B 



7. Show that If ix - 2| < |, then |(5x + 3) - 13] < |. 

8. If X is a nuaber in the interval defined by |x + 2| < 5, what is the 
largest intervad inside of which x may be found? 



f 0^ 
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Che^pter 2 

ADDITION AND MULTIHilOATION IN TmE OF ABSOLUTE VALUE 

2*1^ Definition of Addition 

In this chapter ve are going to state the processes of addition and 
multiplication in terms of absolute value and exhibit a fev theorems. First 
of «dl, we want a rule for the sum of two numbers. It will be necessary to 
consider the various possibilities. If a and b are non*negative then ve 
know the meaning of a + b from our experience with arithmetic, namely, 
a + b =^ |a| ^ )b|. We shall base our rules for the other possibilities on 
this knowledge and the fact that |a| and [bj are non-negative. 

What is a general rule for the addition of two negative numbers? We 
know that (-4) + ( -6) = -10, that (-2) + (-7) = -9. in each case, the 
result is a negative number* We can find the sum by first adding k . and 6 
and taking the opposite of that sum. Now k is the absolute value of ^k; 
likewise, 6 = |.6|. Thus, ^ (.6) -( | A| + |-6| ). Similarly, 

(.2) + (.7) - -(|-2j ^ |.7|). 

A general rule for the sum of two negative numbers is: 

The sum of two negative numbers is negative. The 
absolute value of the sum is the sum of the absolute 
values of the numbers. 

An equivalent statement of this fact is; 

If a < 0 and b < 0, then 

a ^ b - -{ |al 4 |b| ) 

Let us go on to consider the sum of two real numbers when one number is 
non*negative and the other is negative. The phrase "one number is non- 
negative" implies that one of the numbers may be 0. This possibility pre- 
sents no special difficulties. 

0 + (-7) = -7 

0 b ^ b, for ar^ negative number b. 
a + 0 = a, for any negative number a. 
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Nov let us concentrate our attention on those cases vbere one of a or 
t is aegfttive and the other is positive. 

6 + (.4) - 2 6 > 0, (.1^) < 0 16! > 

k + (.6) » -2 U > 0, (-6) < 0 \'6\ > \k\ 

7 ^ (-7) - 0 7 > 0, (-7) < 0 |7l - |-7j 

Hov do ve get the "2" Md how do ve decide vhetlier it is positive or 
negative? Let us consider the sum of 7 «nd 7 + (-3) m We knov 

thst 7 > 0, snd that (-3) < 0, also that |7| > j-SU The sum of 7 and 
(-3) has the form a + i*iere a > 0 and b < 0 and laj > |bj. k is 
|7| - j-3l# Thus, ve can vrite: 

If a > 0 and b < 0, and if \a\ > |b|, then 
a b ^ |aj - |b|. 

Similarly, 5 + (-H) = -6; 5 > 0, and (-11) < 0; j-llj > |5|. Again, 

5 + (-11) has the form a + b, vfaere a > 0 and b < 0, but in this case 

jb| > ja|, -6 is -(|-ll| - l5i)# Hence, we can vrite: 

If a > 0 and b < 0, and if jbj > |aj, then 
a + b - -( jb| ^ Ia|). 

By now ve have a pattern for completing the interpretation of a + b in 
terms of absolute value* 

If a < 0 and b > 0, and if jb| > jaj, then 

a b = |b| . |a| 
If a < 0 and b > 0, and if |a| > jb], then 

a + b = .(!a| - ib|). 

You are not expected to meiaorize these results* Given tvo real numbers, 
you should be able to add them without referring to the rules given here. On 
the other hand, ve hope that you understand them and, therefore, will be able 
to lise these results later in the pamjdilett 



Problem Set 2-1 

1, Fill In the blanks. 

(a) Tht absolute value of the sum of a negative and a non- negative 

number is equal to of the absolute values of the 

nuisbers* 

(b) It is non-negative if the non-negative number has the 

absolute value* 

(c) It is negative If the negative number has the grater 
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2« (ft) Is the ft«t , all real nusabera closed under the operation of 
addition? 

(b) la the set of n^atlve real nmsbers closed under the operation of 
addition? 

3. (a) Docs |2j ^ |3| - l2 + s!? 

(h) Does |.2j + 1-31 « j{-2) + (-3)1? 
(e) Does {-2! ^ |3| - |(-2) + 3l? 

(d) Does {2| + j-3| - |2 + (-3)1? 

(e) In (c) and (d) comj»re the left nMsmber to the right aesiber of 
the expression? 

(f) Write a general statement for |a[ + |b| in terms of (a + b|. 
This is called "The Triangle Inequality." 

Repeat Exercise 3 using numerical values for |a} - jbj and ja - b| 
and then make a general statement conrpaaring ja] - jbj vitii |a - bj, 

% (a) Shov that |c - d| ^ |d - cj, 

(b) Shov that |c - d| > ||c| - (d| ( using numerical values for c 
aiid d. 

(c) 3tatement (b) says that the distance between c and d is 

at least as great as the distance between {c| and |d{. Use th'. 
number line to visualize ^rtiy this must be true* 

6» Given that jx| + jy j > |x y|. 

Prove: If a and b are real numbers, then ja - h| > |aj * lb| 
Let X = a - b, and y ■ b 
Then ja - b| ^ jbj > j(a b) ^ bj 
Or ia - b| + |b| > |aj Why? 

ja . bj 4 |bl ^ (^|bj) > |a! 4 (-Ibj) Why? 
Hence, | s - b| > | a| - jb j 
Supply the reasons. 



2-2« Definition of Multiplication 

As in the case of addition, the product of two real nuiuoers can be 
stated in terms of absolute value. It is of primary importance here, as in 
the definition of addition of real numbers, that we maintain the "structure" 
of the number system* We want to insure that certain properties of nuiribers 
under multiplication (commutative, associative, distributive) which hold for 
non-negative real numbers still hold for all real numbers. On this basis, 
define: 
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(-3)(0) - 0 
(-3)(2) « .6 
(3)(-2) - -6 
(-3)(-2) X. 6 

How shall ve interpret these results axi'i state them in terms of absolute 
value? 

It follows at once from the definition of absolute value that 
(2)(3) = !2l|3i. Thus, if ve formally state 

ab |a|jb| 

for positive numbers a and b, ve shall not conflict with what ve already 
know about the product of two positive numbers, 

Nov consider (-2)(-3). Note that I-2|t-3! - (2) (3) - 6. Kence, 
(•2)(-3) = j-2||-3|. It would appear that for anj pair, a and b, of 
negative real numbers it is true that: 

ab » |aj Ibi 

Let us try the same approach on (-2)(3). We know, (-2)(3) = -.6. We 
know that I-2||3| - 6, Thus, (-2)(3) - -(|-2i!3|). From this example it 
appears that for a pair of real numbers, a and b, of \rfiich one is positive 
and the other is negative, it is true that 

ab = ^( |a| !b|) 

Finally, consider the product (0)b, where b is any real number. Oui^ 
statement of mLatiplication must insure that (0)b - 0, Since b is non- 
negative, and since |oj » 0, we can state that; 

|0l|b| = 0 
and -(|0||b|) = 0 . 

Here ve conclude that for a pair of real numbers, a and b, of which 
at least one is zero, both 

ab = !a| |b| 
and ab = •( ja| (b|) 

should be valid# 

This can be summarized as follows; 

Let a and b be any two real numbers. In case 
a and b are both negative, or both non-negative 

ab = |a|lb| 

In case one of the numbers is negative and the other 
is non*negative 

ab = -(|a||b|) 



Problea Set 2-2 



1, U«e {7!l-3i •nd i(7)(-3)|. Mi and |{.8)(.6)| to decide vhat 
Is the relationship of |a||bi to jabj, 

2, Dcflionstratc if n 0, then |i| » • 

3, Demnstrate if n / 0, then l-j « \^ . 

' ' 'n' |n| 

K Suppose 'Uiat ve know only that a» 1 « a for a > 0. Fill in the 
missing reasons in the proof that a* 1 ^ a, if a is negative. 
Since a is negative and 1 is non-negative 

a. 1 = .(|aljl|) I 

- -(|a| • 1) |l| » 1 

= -ja| Multiplication piroperty of 

1 for non-negative real 
numbers, 

-But^ since a is negative 

1*1 - -« ? 

Hence, -|a| = -(-a) 

= a ? 

Which conjpletes the proof. 

5, Prove that |a{ = |-aj (Hint: Consider the possible cases) 

6, Prove that for any nuinber a, -|a| < a < |a| 

7, (a) When does jx - 2j = x - 2? 

(b) When does |x - 2j = 2 - x? 

8, Solve the equations: 

(a) jx + 3! = X (Hint: If x + 3 > 0, then jx + 3] « x + 3. If 

x + 3 < 0, then jx + 3| = -(x + 3)) 
(h) Ix - 2' = 2x + 5 

(c) !3x + 1^1 = i5 - 2x| 

(a) |x - - 4lx - 2| +3=0 (Hint! Factor in terms of jx - 2|) 

(e) lx.3l^-l 

(f) |x| - 2 and jx - 5l = 3 
(s) |x + 3| = 2 or Ix - ll = 2 
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9# If ve MsusK that ab « ba for all non-negative nunajera a and ve 
can prove It for all real nuaiicra. Fill in the ai»ali;g reaaoas or state- 
Bienta 

Caae I Suppoae that a ana b arc both negative 

»b-|a|jb| I 

" 1^1 ill I CMsmitative property of nuilti- 

plication for non^negative real 
nusfcera 

- ba Definition of multiplication 
CMC II Suppose that one of the nvwfcera a and b la non- 
negative and tJiat the other is negative, 

^ ' '( h! Ul) Definition of multiplication 

- -(hllal) I 

« ba ? 

10« (a) ^ov that |mx 4- maj m jmjjx 4- a| 

(b) Use this to find the truth set of |3-x - 12j < d, vhere d is a 
positive nuisber# 



2-3« Absolute Value and Slinplification of Radicals 

When ve vrite ve mean the positive square root of b, or more simply 

•*toe square root of b". If b » 0, then Vo - 0, Thus we can state that the 
provided that b is non-negative, 

Vbat is Let us consider a fev examples. If x is 3, then 

- X* If X is -3, hovever, then 

- 1^ - 3f or the If X is 0, then 

We can suanarize this as follovs: 

fx if X > 0 

j-x if X < 0 

Tbia it exactly vbat v« stated on page 3 for jxj, an<5 thus we conclude that 

a non-negative number for any value of x, positive, 
ni^ative^ or zero* % 

If the nun4?ers vith vhich ve are working are coordinates of points on the 
Susfcer Line, then ve call them real numbers. They include such nuinbers as 
2 

5f - -^9 3p *nd -5, but they do not include nuinbers like ^ich 
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if called an tmaginaxy or con^plex number. You will meet coigplex numbers in 
Chapter 5. 

Hov shall ve vrite in simpler form? If x is 3, then 

^ « 1^9 • 3 . 31^ or xi'x. What happens if x is -3? 

« Nov is an imaginary number. If the numbers under 

conalderation are real numbers only, then /-27 cannot be simplified. Thus 

w would saj- that « x/x for x > 0. Note that ve do not use the absolute 
value symbol here because it is not needed* 

When working vith radicals, ve must be critical of the domain of the 
variable (the values of the variable vhicb ve can use) in e particular prob- 
lem. We shall assume in the exercises that follov that ve are alvoys vorklng 
with a real number. 

Here is another example. Simplify (2^)(3^) and indicate any restric- 
tion of the variable. Tf a > O, then (?v'a)(3i^) « If a < 0, then 

is not a real number, nor is S'^* Hence a must be non- negative. In 

this case i^I^ 6a, We do not write since a cannot be negative. 

Let us try one more example. Simplify and indicate the domain of 

the vai'lablcG when they are restricted. Here ve have two possibilities j 
either ^ 0 find c > 0, or b < 0 and c < 0, 

If b>0, =.0, /|=/|Tl./i|.i^ 

c 

c ' ' 

If you try b - 2 and c - 3| or b = -2 and c =^ -3 you will see the need 
for the absolute value symbol in the second case, but not in the first. 

The possible values of the variable in the original expression determine 
whether or not ve use the symbol *' | |" in the answer. 

Problem Get 2^3 

Simplify^ Indicate the domain of the variable when it is restricted. 

1. (a) /2h? (b) i^SU? (c) vS? 

2. (a) (b) (c) ^vS^ 

3. (a) JFTl^ (b) 47k7) (c) ^ 
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4. (a) (2t^)(5i^) 

6. (a) iZ.jS 
1, (a) ACa + bp 



8. 2^.3M.|^ 



9. /ii2.^^iX3 



10, Detenaine the Bquare root of {2x - l) if 



(a) X < 2 



(b) x>i 



(c) X 
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Chapter 3 

ORAHIS OF ABSOLUTE VALUE IN TSK CARTESIAN PLANE 



3-l« Graphs of Open Sentences vlth One Variable 

In Section 1«1 ve examined the graphs on the Nusiber Line of open sentences 
involving absolute value and one variable. Nov let us consider the graphs of 
these open sentences in the Casrtesian plane. If ve are given the open sen-- 
tence % * 3, and are ssked to find its graph in the Cartesian plane, ve are 
looking for those ordexed pairs vhich belong to the set {(x,y) : x « 3], We 
can see that some meidbers of this set are (3^-10), (3,0), and (3, 5). Thus 
the graph of x 3 in the Cartesian plane is the set of points on a line 
parallel to the y-axis and 3 units to the right of it. 

By definition the equation |xj = 3 is equivalent to the compound open 
sentence "x « 3 or -x = 3". This is equivalent to "x 3 or x «= -3". 
Since equivalent sentences have the same truth sets, they also have the same 
graphs* Hence the graph of |x{ = 3 consists of tvo lines, one line is 
parallel to the y-axis and three units to the right of it, the other is a line 
parallel to the y-axis and three units to the left of it. In other vords it 
is the union of the graph of x ~ 3 and the graph of x = -3, as- shovn in 
Figure Ip 



Figure 1 



Figure 2 



TJie graph of jyj = 2 is the union of the graph of y = 2 and the graph 
of y « -a# This graph is shovn in Figure 2» 

On the Nuiabpr Line, ^*|x - 3| = 2" is interpreted as: "those nuinbers x 
such that the distance betveen x and 3 is 2". 

Extending this notion to the number plane, ve can say that [x - 3] =2 
describes the set of points vhose x coordinates vary from 3 by exactly 2, 
l«e. those pairs vith x - 3 or x = 1. 
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gr«ph in Figure 3 «l^nrs that the ditttanetB bctwem the line x « 1 
m»d the line x « 3 li 2; end ^e distance betveeu the line x » 5 and the 
line X « 3 is 2« 
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Figure 3 



Problem Set 3^1a 

1, (a) The graph of {(x,y) : {xj « k) is a pair of vertical lines if k 

has vbat value? 

(b) The graph of {(x,y) : |xj « k} is a single line if k has vhat 
value? 

2. What is true of the graidi of C(x,y) : jyj - k] if: 

(») k > 0 (b) k « 0 (c) k < 0 

3« Itrav the graph of the folloving open sentences in the Cartesian plane 
using a different set of axes for each sentence^ 

(«) Ixj « 5 (e) jy 2! 3 

(b) |x . 2| - 3 if) jxi . 3 « 1 

(c) |x^.2| (g) |y| 4.1^.3 

(d) jy - 3l « 2 (h) |x| - X 



Nov let us consider the open sentence |x( > 3# What wuld be its 
graph? Recall that this sentence is equivalent to the sentence "x > 3 or 
X < -3^. Ihe graph will consist of all jKJints ^ose x (Coordinates vill 
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l5t greater than 3 or 1cm than -3. The graph Is thova in Figure U, Notice 
that the linei x ■ 3 ^tid x « -3 are dravn with dashes to shov that they 
are oot included. 




X 



Figure h 



Problem Se t S-'lh 

1# Draw the graph of the following open sentences in the Carteoian plane 
uaing a different set of axes for each sentence* 

(a) ix| < 2 (d) |x . 2| < 3 

(b) |x| > 1 (e) |y + 2| > 1^ 

(c) lyi < 3 (f) |x 4 ij >o 

2» Sajoe Instr^actions as Exercise 1; 

(a) |x| > x (b) jxj < X 



3-2# Graphs of Open Sentences vith Tro Vari^les 

Let us consider the open sentence "y = |x|". If x is positive or 
negative, what iR true of the absolute value of x? What, then, must be true 
of y for every value of x except 0? Vhat is the value of y for x « 0? 



X 


-3 


-2 


-1 


0 


1 


2 


3 


1x1 


3 


2 


1 


0 


1 


2 


3 
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Tm yi«ur« 5 w nottem Kwethlng ow to tuj the graph of the •l8Qa« 
••ateac -y - turni out to be tht tuo sides of . right wgle. is it 

possible to have s siiQile •qs^tim lAiose greph wuld be two lines iMch do 
laot fono a right aoglef Suggest one. 
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Figure 5 



Frobleat Set ^^-ga 

1. nrav the graph of e«eh of the foUowing with reference to a separate set 
of axes, 

{») y - 2lx| (d) y . .2\x\ 

y-||3f| (e) x--|yi ■ 

(c) y - -\^\ if) X = i-^i 

2. a-av the graph of esch of the following with references to a separate 
set of axes. ^ 

(•) y - |x| + 3 (d) X - lyj + 3 

(b) y - lx| - 7 (e) i . 2|y{ - i 

(c) y - 2|xj 4-1 (f) y - -Ixl - 1 
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3. Draw the graph of each of the following vith reference to a separate set 
of axes. 

(a) y » jx - 2l (d) y - |x + 3l - 5 

(b) y - Ix + 3i (e) y =||x - 1| + 3 . 

(c) y » 2|x + 3| 

k. How would you get each of the graphs in Problems l(c), (e), 2(a), (b), 

(d) , (f), 3(a), (b), (a) from the graph of either y = lx| or x = \y\ 
by revolving or sliding the graph? Exaasples: Hhc graph of "y = |x-2j" 
can be obtained by sliding the graph of "y = lx|" to the right 2 
units. The graph of "x = -1/!" can be obtained by revolving the graph 
of "x = |y|" about the y-axis. The graph of "y = jx] - 7" can be 
obtained by sliding the graph of "y = Ixj" dovn 7 units. 



5. Plot the graph of: 



(a) y = |xl + X (b) y = 



M 

X 



6, Plot the foUoving open sentences using a different set of axes for each 
sentence: 

(a) y > |x! (c) y < -|xj 4 2 

(b) y < |x ^ 2j {d) y >|!x - 3| - 5 



So far ve have concerned ourselves vith the graphs of open sentences in 
tMO variables in which there was only one absolute value syai^ol and only one 
variable vhose absolute va]ue was being considered. Let us consider a fev 
open sentences of a somevhat more con^jlicated nature. For example, what is 
the graph of |x - y] = 0, or the graph of |x - yj - 2? 

By our definition of absolute value ve know that |x-y!^x-y if 
X - y > 0, and |x - y| - -(x - y) if x - y < 0* Since x • y 0 and 
-(x - y) ^ 0 are equivalent, the graph of |x - y| = 0 is the same as the 
graph of y - X. Nov, what about jx - yj ^2? Again, if x - y > 0, then 
jx - yj * 2 is equivalent to x - y = 2, if x - y < 0, then jx - y| ^2 
is equivalent to -(x - y) - 2 or x - y - -2. If ve make a table of values 
ve find: 



x 


-k 


-2 


0 


2 


k 


y 


-2,-6 


0,-1* 


2,-2 


U,0 


",2 



®i««e point! are on the gr»ph« of one or the other of the two parallel 
lines; x - y 2 (y » x - 2) or x - y - -2 (y . x 2). Can we tell ^ich? 
If %nd y--6, then x - y > Oj so (-1*,.6) is on the graph of 

X - y « 2, On the other hand, if x « -4 and y - -2, then x - y < Oj so 
{-kf'2) is on the graph of x - y « -2. See Figure 6, 

y 




Figure 6 

What does the graph of |x| |yj » 5 look like? Let us make a 
table of values first. Suppose we start with the intercepts. Let y 0 
and find some possible values of x which will make the sentence true. Then 
let X - 0, and find sone values of y. Now fill in some of the other 
possible values. Suppose x « 6, what can you say about possible values for 
y? If X - 3, then jxj c 3, and |y| = 2; what possible values may y have? 
Fill in the blanks in the table below. 



X 


-5 


-3 


-3 


-1 


-1 


0 


0 


1 


1 


3 


3 


5 


{x| 


5 


3 


3 


1 




0 


0 










5 


y 


0 




2 


h 




5 


5 










0 


y 


0 




-2 


k 




5 


-5 










0 



2h 

Or 



I . V ri* ■ ^n- ■^•^■^v,- • - i 



Ve can vritc four open •entences vhich give the tmrne gr«ph| provided ve 
llidt the values of x t 

X + y - 5, and 0 5 ^ ;5 5f 

x-y*5#and 0<x<5f 
'X ■•^ y « 5, and -5 < X < 0, 
-x - y «= 5, and -5 < 3C < 0. 

^^^^ Set 3^gb 

Drav the graph of lx| 4^ |y| « 5- Why ima it necessary to limit the 
values of x in the four sentences stated ahove? 

2. Drav the graph of each of the following on a separate set of axes* 

(a) |x| + |y| >5 (c) jx| ^ |yl < 5 

(b) |xi 4 jy| <5 (^) |xl Hyl -{^5 

3. Make a tahle of values for the open sentence 

|x| - |y| . 3, 

and drav the graph of the open sentence. Write four open sentences, 
as above the Problem Set, >*ose gre^^hs form the same figure. 



If more than one absolute value symbol is present the problem of 
breaking the original sentence into all possible cases may become quite com- 
plicated* The graphs of some of these sentences are very unusual. It is 
possible to have an open sentence vhose graph is a regular polygon of 2n 
sides. For instance, an equation of a regular hexagon is: 



2^5 . 



y - 1^ X 


4^ 




2 




2 



This hexagon has its center at the origin and one vertex at (2,0). 



Problem Set 3 -5c 
1, On separate set of axes plot the graph of: 

(•) |x| . |y| (b) ixi < iyj 
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2. Plot the graphs of the followlag on a sepSMite set of axes: 

(a) X - 1 + jx - y{ - 0 

(b) |xj + 2 - |x - yj 

(c) |xj - 2 + )x + y - 2} - 0 

(<3) -X + jxj - jx - 2j + |y - 2i - 0 
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Cfhapter k 

ABSOLITTE VALUE AHD QUADRATIC DCPRESSIONS 

1^-1. Absolute Value and Quadratic Equations 

There is a type of equation, not a quadratic equation, vihich involves 
quadratic equations in its solution. We recall that if x >0, |x| «= x, 

vhile if X < 0, then |x| = -x* In particular, since x >0 for all real 

nujafaers x, jx^| » x^. We recall, too, the useful theorem: For all rwl 

2 2 

nuBiers a and b, |abj * laljbj. Hence, ve can see that |x |«jx|jx|»!xj . 
In solving equation involving absolute value, we often use the fact that 
jxj = X . 

If jxj ^ X + 1 Is true for some -x, then |x|^ = (x -f l)^ or 
« x^ + 2x + 1 is true for the same x. We conclude that if jxj = x + 1 
has a solution, it is • |. If x is - |, then the sentence jxj - x + 1 

« i) -I. 1. This last sentence is a true sentence which makes 



means 



it certain that ^) is the truth set of the given equation. 

We solved jxj » x + 1 by squaring both members. We could, however, 
solve the same equation in another way. Either x > 0 and jxj = x, so that 
X « X ^ 1, or X < 0, and jxj = -x, so that -x » x + 1. This compound open 
sentence has two main parts connected by or. Each main part, in turn, is a 
coispound sentence using ai^» The truth set of x > 0 and x = x + 1 is 

the wnpty s<^. The truth set of x < 0 and -x « x + 1 is •^), The 

truth set of the conspound open sentence; "x > 0 and x = x + l or x<0 

and -X = X + 1" is "^^^ latter method is not as sii^le as the first 

method; nevertheless it should be understood. 

Problem Set h-l 

1, Solve each of the folloving equationfl: 

(a) l2x| - X + 1 (d) Ix - 3! = 2* 

(h) X - Ix} . 1 (e) X = jSxj + 1 

(cr) 2x - {x| 4. 1 (f) x^ - 1x1 - 2 = 0 
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2# Th9t distance betve«n x and 3 Is 2 xaore than Ftnd the 
truth set* 



4-2« Solution of Quadratic IneqLualities 

It is iHDssible to solve quadratic inequalities by using coaspouad open 
sentences involving inequalities and also by graidas. We shall make use of 

the fact that to develop anotiier melJiod. 

Let us- consider first hov ve voOld apply ^this"^ to "an' equation. If 
(x - 1)^ » 2^, then /(x - l)^ = and |x - l| = 2. Then, if x - 1 > 0, 
X - 1 . 2; if X - 1 < 0, -^{x - 1) . 2 or x • 1 - -2. Hence, x - 3 or 
X m -1, The truth set is {3,-1}. 

If ve are given the quadra-i^ic inequality 

x^ - 2x - 3 < 0 

ve can vrite it as 

a 

X - 2x <3 (Since a<b inrplies 
a + c < b + c) and adding 1 to both members coa^pletes the square 

2 

X - 2x + 1 < 4 

vhich is equivalent to 

(x - if <k 

and I x - 1 I < 2* 

We have treated the method of finding the truth set of this sentence in 
Section 1-2, The distance between x and 1 is less than 2. 



2 2 




Thus, X > -1 and x < 3^ or -1 x < 3. 



# P p 

The theorem that ve use here states that if a < b and b > 0 then 

|a[ < b. 



This x&ethQd hu definite advantages In the eaae of quadratic Inequalities 
idxieh can be axpresaed in terms of perfect squares. It Is not, however , a 
g«ieral method idiich can be applied to ezats^yles of the type: 
(2x - 3)(3C + ^)(x - 3) < 0. Here ve either make use of the gra^cal inter- 
pretation or use the method of determining positive and negative factors, 
niese methods are described in the panghlet on Inequalities. 



Problwi Set ^-2 
... - ■ 

Find the solution set and draw the graph on the nuiober line. 



1. 


2 

X - hx + 3 < 0 


9. 




2, 


'X^ + k >^x 


10. 




3. 


2 

X*^ - X < -1 








11. 


ixl > x2 


k. 


2 

X - X > -1 










12. 


jxl < 


5. 


x^ - 6x + 9 < 0 










13. 


|x| > x + 5 


6. 


5x < 2 - 3x^ 


Ik. 








iSx - l| > x^ 


7. 


6(-x^ + 1) > 133C 






8. 


2 

2x - 1 > X - X 







15, Which of the following inequalities are equivalent to jxj > 2? 
(A) > 0 (B) - 1* > 0 

16, What is the truth set of lxi(x - 2)(x + J*) < 0? 
IT. Describe the truth set of 1^ " |1 > 0. 

X c 



Q^g^p^g 2t Quadratic Inequsllties in Variables 
Some very unusual graphs occur vhen ve consider quadratic inequalities 
in two variables which Involve absolute value# For exaagjle, draw the graph of 

{(ac,y): >y^}. since |x| - x if x > 0, anS -x if x < 0, we 

2 2 

actually have two cases here. Either -x > y or x > y . At first glance 

we al^ht say that it Is not possible for y^ to be less than -x# Don't 
forget that x can be replaced by a negative number. The graph is the shaded 
r«glcm In Figure 7# 
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Figure 7 



To do these graphs it is very iagjortant to reaenber the definition of 
absolute value and to consider hotb possible cases. 

Problem Set 4-3 
Draw the graphs of the following; 

!• jx^ + x] < y 

2. y - {1* - x^l for -3 < x < 3. 

3. y - x^ - 6lx| + 5 
If. |xl + 2|yl < 5 



ERIC 



30 

5; 



Chapter V 

ABSOLOTE VALUE, (XSfflEX NUMBiSS AND VBOTORS 



5-1. Absolute Vcdue of a Complex Nusiber 

2 

If ve are to have a solution for the quadratic equation x +1*0, then 
ve suat have a nujnber ^ich la not a real nusiber, since the square of all real 
nusi)ers la xero or positive. Ve do have such a nuisber, the syinbol for vhich 

is "1". We state that it has the laroperty i • i * i^ » -1. It is a special 
element of the set of cojsplex nusibers and is called the imaginary unit. The 
set of cOBsplex numbers is coiaprised of nunibers of tiie type a + bi, >4iere a 
and b are real numbers: a is the real part of the coajplex nunfijer and b 
is the imaginary part. If b is 0, then a + bi represents a real number, 
if a is 0, then a + bi represents a pure imaginary. A full discussion of 
coinplex numbers can be found in another pamphlet of this series entitled 
"Complex Nunibers". 

Each nj^raber of C (the set of complex numbers) can be expressed in the 
fnrm a + bi. It can be proved that this representation is unique; given any 
con5)lcx number z, there is only one pair of real numbers a, b such that 
2 « a + bi. When a complex number is written in the form a + bi it is said 
to be in standard form. 

We recall that ordered pairs of real nunibers formed the starting point of 
coordinate geometry. We are able to represent the coi:5>lex numbers by points 
in the xy-plane. We agree to associate z vith tJae point (a,b) if and only 
If 2 «: a + bi. We set up a one*to-one correspondence between the elements 
of C and the points in the 3^ -plane. 

It is customary to use the expression "Argand diagram" to describe the 
figure obtained when the point (a,b) of the xy-plane is used to represent 
the complex number a + bi. (The standard form of 1^-31 is h ^ (-3)i* of 

0 is 0 -1^ 01, of i^ is 0 + (-1)1). y 
Figure 8 is an exanyle of an Argand 
diagram shoving three points (0,2), 
(l|,-5), and (-^fS) and the complex 
numbers that they represent. Note that 
points on the x-axis correspond to real 

numbers and points on the y-axis corres- *2«4+(-5)i 
pond to pure imaginary numbers. For the 

Figure 8 
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2 « 0+21 



sake of brevity we shall often say '^the point z ^ x ^ iy'' instead of "the 
point (x,y) corresponding to the congjlex number 2 « x + ly." 

The geometric representation of coaqplex nuinbers by means of an Argand 
diagram serves a double purpose. It enables us to interpret statements about 
complex numbers geometrically and to expresQ geoc^rtric statements in terms of 
coag)lex numbers. The geometric representation suggests a definition of 
absolute value of a cocgplex number. Recall that when real numbers are repre- 
sented by points on a line the absolute value of a real number is equal to its 
. distance from the origin. Accordingly, we define the ^solute value |z| of 
^ complex number z ^= a ^ bi to be the distance from the origin to the point 



(a,b). If we use the distance formula. 




state the definition algebraically as follows: 



DEFINITION . If 2 = a 4^ bi, where a and b are real numbers, 
ve write 



|2| = /J ^ b^ 



and call \z\ the absolute value of 2, 



We can readily see this from the Argand diagram shown In Figure 9. 



y 




X 



Figure 9 



Example ; Show that the distance between the points 2^ and is jz^-z^l. 

Solution ; If ^ ij^, ^2 * ^ ^^2 ^^^^^ ^1' ^2* ^2 ^^^^ 



numbers, then from the definition of subtraction 



2g - 2^ ^ (Xg - x^) 4 (y^ - y^)i 



By the definition of absolute value 




and this is the distance between the points (x^,y^) and (x^^y^)* 
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When snd Zg ar« real nui^eri ve have the follovlsg relations 
Itv/olvliig absolute value mad the algebz«le operations i 

C5-1S) K- - Kl' 1=2' 



(5-lb) 
(5-ia) 



2^ 



These relations continue to hold ^^en and are complex nuo^ers. 
FonsiXas (3-la) and ($-lb) can be deiaonstrated by calculations. The algebraic 
proof of (5-lc) is quite difficult but ve can give an easy geometric proof. 
Consider the triangle T&ose vertices are 0, z^^, z^ + Zg, The lengths of its 



sides are |z^i, \z^\, + ZgU Why? 

Since the length of a side of a triangle 
is less than the sum of the lengths of 
the other tvo sides, ve have. 

When the parallelogram collapses into a 
straight line ve have the equation 




Figure 10 



This will congjlete the proof of Formula (5-lc), vhich is often called the 
"triangle inequality". The discussion of (5-ld) is left as an exercise. 



1. Find 



if: 



(a) z « 3 - U 

(b) z - -2i 

(c) z « 1 + i^ 

2, Show that, if a 0, 



Problgn Set p-1 

(d) z 

(e) z 



2 



1. 



R + V5 i 
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3« Hnd the set of points dticribed by each of the following equations s 
{•) s • 1 (b) z m \z\ (c) 2 « ^ 

Give an algrtrmic proof of the equation 



18, 



2 



if MoA ig are coapXcx numbers. (Hints Let \ ■ iy^^ and 
*2 V«2 * ^2^ 



Give an algebraic proof of the equation 



1^1 



if 2^ and Zg are complex numbers, and Zg ^ 0. Use hint of 
Iterclse k, 

6, Give a geoa»tric proof of the inequality 

?• Prove that the triangle vith vertices 0, 1, and z is siinilar to the 

2 

triangle vith vertices 0, and z by shoving -Wiat the corresponding 
sides are proportional. (Hint: Note that the length of each side of the 
second triangle is equal to |zj imiltiplied by the length of each side 

of the first triangle.) Use the results to describe a geometric con* 

2 

struction for z , 



5-2, Coigplcx Conjugates 

For further discussion of the applications of absolute value to coc5>lex 
nuiabers it is convenient to introduce the notion of the congjlex conjugate. 

M^'XNinON * If z » a ^ bi^ in standard form (a and b real), ve call 
a ^ (-b)i the complex conjugatei or simply the conjugate of z and 
write 

z m a -f bi « a 4- (.b)i# 
Since a 4 (-b)i « a - bi ve may also vrite 

s • a + bi * a - bi. 




ncouAttu: cttsJu^mtM. For eauqple, the solution let of the equationj^ 

%^ ^ 2x k m 0 li 1-1-1^1, Also the forail* for the xaultijaica- 

tive Inverse of s « a ^ bl c«n be written 



1 i » ('■bU g 



or 



1 » 



This givesj in tum| 

(5-2b) »• z - {zj^ 

OMe lut equation is ioportsnt enough to deserve statement as a tbeor«& 
and to be proved by a different iKthod. 

Theorem ^^2 ^ 2 • z » j 2 j ^ 

IVoof ; If £ « a 4* bi in standard fona, then 

s. z * (a ^ bi)(a - bi) * - (bi)^ - a^ - b^i^ - a^ - b^(.I) 

2 

. a^ + b^ - (/a^ +b2) . 

Kov that ve have proved Equation (^-S?) independently of Equation (S-Sa) 
ve can derive (^-2a) froa (^*2b). In fact, it is convenient to use 
Theorem ^-2 directly in dividing cosiplex nun&ers* 

{5-2c) ^ - . • 

Let us see hov ve might apply Theory ^-2 to a different problem: ShoM 
that the circle of radius 1 vith center at the origin is the set of all 
points z vhich satisfy the equation 

z • z « 1 

Solution : Ve start vith the definition of this circle, as the set of points 
vbose distance frc» the origin is 1, and use the fact that the distance of 
the point » « x + yi from the origin is |zj* Then z is on the circle 
if and only if 

\z\ .1. 

Squaring both sides of this equation and using Theorem ^-2 ve get 

Z • Z s Z w 1 




35 



4(; 



Her* Is m second problem: Show thst the segments vhich Join the points 
-I Xj^ -f- y^i and ^2 ^ ^ ^2 ^ ^® origin are perpendicular if and 
o»ly if the product h^' ^ '^^^ imaginary. 

Solution ; We can express the geometric conditions in terms of and z^. 

The segments joining and to the origin will be perpendicular if 

and only if the triangle vith vertices 0, z^, z^ is a right triangle. By 
the lythagorean Theorem this vill be true if and only if 

In our proof of this we shall need tvo theorems about conjugates. 



(1) ^1 ' ^2 ^ " ^2 (Conjugate of difference equals difference 

of conjugates) 

(2) A complex number is a pure imaginary if and only if 2^-2 

(For example; 0 + 51 « -(O « 5i) 
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By (1) above 

Multiplying c z^z^ - z^z^ - z^z^ + z^z^ 

Or 

Hence 
But 

Therefore 

By (2) above, this equation can hold if and only if the product 
z^Zg is a pure imaginary. Since each step above is reversible, this 

completes the proof. 

Here is a third problem. Show that j z.^ • = jzj||z^|. 



ERIC 



36 

4l 



Solutions Since • \t^\, and js^l are positive it will auffice 

to prove 

Ve have is^ • z^l^ « (z^ • z^)i'z^^TT^) (l*heorem 5-2) 



A theoreffi on conjugates states that • • • z^, 
Thua, ve have - (z^ • Zg)!^^^ • 2^) 



This coi:Q)letes the proof. 

Problem Set ^-2 

1, If 2 « 2 - 3i> evaluate 

-z, izl, |zl2, 1.2,^ 

2« Use formula (5-2c) to cojigjute the following quotients. 

(»' 144 (=) ff§ 

(d) ^ 31 ,j^s 3 - 61 

^ ' 2 + 51 ^ 5i^ 

3. Sketch the set of points 2 vhich satisfy each of the following condi- 
tions. 

(a) I2 - 2| =3 (c) |z - 2i| < 4 

(h) |z + 2| > 3 (<3) \z - ZqI < 5 

I*. Write an equation in x and y vhich is equivalent to the equation 
jz - (2 + 3i)i = 5. 

Describe the set of points in an Argand diagram i^ich satisfy the equation. 

5, If z = X + yi show that 

X < i zj and y < |z! 

(Hint: Start vith y > 0 and remember that \x\ > x) 
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6. Prove. th»t \\ ' * * z^f ^ 2\z^\^ + 2\z^\^ 

(Hint: Express each tern of left rnenber In the form z • 2 » jzj^) 

mm O 

?• Use the relation z • z ^ \z\ to show thmt 

8. Give a geometrical interpretation for the following relatione, 
(a) Iz^j < Izgl (t) |2( = 5 

9. Find all coa5>lex numbers 2 such that (Real part of z) = (Imaginary 
part of 2), and jzj « 1. 

10, Let « 3^ + ygi. Describe the set of points z »= x + yi vhich 
satisfy the inequality 




11. If 2 = X + yi, ahov that 
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